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Abstract
The link between the treatments of constrained systems with fractional derivatives by using both
Hamiltonian and Lagrangian formulations is studied. It is shown that both treatments for systems
with linear velocities are equivalent.
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The generalization of the concept of derivative and integral to a noninteger order α has
been subjected to several approaches and some various alternative definitions of fractional
derivatives appeared [1–6]. In the last few years fractional calculus was applied success-
fully in various areas, e.g., chemistry, biology, modelling and identification, electronics
and wave propagation. Fractional calculus, has played an important role in engineering,
science, and pure and applied mathematics [7–9]. Fractional derivatives were applied in
recent studies of scaling phenomena [10–12]. Classical mechanics is one of the fields when
fractional calculus found many applications [13–19]. Riewe has used the fractional calcu-
lus to obtain a formalism which can be applied for both conservative and nonconservative
systems [13,14]. Although many laws of nature can be obtained using certain functionals
and the theory of calculus of variations, not all laws can be obtained by this manner. As it is
known, almost all systems contain internal damping, yet traditional energy based approach
cannot be used to obtain equations describing the behavior of a nonconservative system
[13,14]. Using the fractional calculus one can obtain the Lagrangian and the Hamiltonian
equations of motion for the nonconservative systems.
The understanding of constrained dynamics [20], both at the classical and quantum
level, has been a subject of long standing theoretical interest, which has seen important
contributions ever since Dirac’s quantization of the electromagnetic field. The path integral
approach and the canonical one are two main approaches of quantization.
Recently, an extension of the simplest fractional problem and the fractional variational
problem of Lagrange was obtained [17,18]. Even more recently, this approach was ex-
tended to Lagrangians with linear in velocities [21,22], which represents a typical example
of second-class constrained systems in Dirac’s classification [20]. These Lagrangians are
important because their Euler–Lagrangian equations become systems of first order dif-
ferential equations in contrast with second order corresponding to the regular ones. In
addition, these systems may possess gauge symmetries and gauge ambiguities.
From these reasons it is interesting to study the fractional Hamiltonian formulation of
constrained systems.
The aim of this paper is to obtain the fractional Hamiltonian equations of motion for
Lagrangians with linear velocities.
The plan of our paper is as follows. In Section 2 some basic tools of fractional deriv-
atives as well as Riewe’s approach of the fractional Lagrangian and Hamiltonians are
presented. In Section 3 the Euler–Lagrange equations were obtained using the Agrawal’s
approach and the fractional formulation of systems with constraints is introduced. In Sec-
tion 4 the fractional Hamiltonian analysis of the systems possessing linear velocities is
analyzed. Section 5 is dedicated to our conclusion.
2. Fractional Lagrangian and Hamiltonian formulations
In this section we briefly present the definition of the left and right derivatives together
with Riewe’s formulation of Lagrangian and Hamiltonian dynamics. The left Riemann–
Liouville fractional derivative is defined as
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1
Γ (n − α)
(
d
dt
)n t∫
a
(t − τ)n−α−1f (τ) dτ, (1)
and the right Riemann–Liouville fractional derivative has the form
tDαbf (t)
1
Γ (n − α)
(
− d
dt
)n b∫
t
(τ − t)n−α−1f (τ) dτ, (2)
where the order α fulfills n − 1 α < n and Γ represents the Euler’s gamma function. If
α is an integer, these derivatives are defined in the usual sense, i.e.,
aDαt f (t) =
(
d
dt
)α
, tDαbf (t) =
(
− d
dt
)α
, α = 1,2, . . . . (3)
Now we shall briefly review Riewe’s formulation of fractional generalization of La-
grangian and Hamiltonian equations of motion [13,14]. The starting point is the action
function of the form
S =
b∫
a
L
({
qrn,Q
r
n′
}
, t
)
dt. (4)
Here the generalized coordinates are defined as
qrn :=
(
aDαt
)n
xr(t), Q
r
n′ :=
(
tDαb
)n′
xr(t), (5)
and r = 1,2, . . . ,R represents the number of fundamental coordinates, n = 0, . . . ,N,
the sequential order of the derivatives defining the generalized coordinates q , and n′ =
1, . . . ,N ′ the sequential order of the derivatives in definition of the coordinates Q. A nec-
essary condition for S to posses an extremum for given functions xr(t) is that xr(t) fulfill
the Euler–Lagrange equations [13,14]
∂L
∂qr0
+
N∑
n=1
(
tDαb
)n ∂L
∂qrn
+
N ′∑
n′=1
(
aDαt
)n′ ∂L
∂Qr
n′
= 0. (6)
Using the references [13,14], the generalized momenta have the following form:
prn =
N∑
k=n+1
(
tDαb
)k−n−1 ∂L
∂qrk
,
πrn′ =
N ′∑
k=n′+1
(
aDαt
)k−n′−1 ∂L
∂Qrk
. (7)
Thus, the canonical Hamiltonian is given by
H =
R∑N−1∑
prqr +
R∑N ′−1∑
πr′Qr ′ − L. (8)
r=1 n=0
n n+1
r=1 n′=0
n n +1
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∂H
∂qrN
= 0, ∂H
∂Qr
N ′
= 0. (9)
For n = 1, . . . ,N , n′ = 1, . . . ,N ′ we have the following equations of motion:
∂H
∂qrn
= tDαbprn,
∂H
∂Qr
n′
= aDαt πrn′ , (10)
∂H
∂qr0
= − ∂L
∂qr0
= tDαbpr0 + aDαt πr0 . (11)
The remaining equations are given by
∂H
∂prn
= qrn+1 = aDαt qrn,
∂H
∂πr
n′
= Qrn+1 = tDαbQrn′ , (12)
∂H
∂t
= −∂L
∂t
, (13)
where n = 0, . . . ,N , n′ = 1, . . . ,N ′.
3. Fractional Euler–Lagrange equations
Recently Agrawal has obtained the Euler–Lagrange equations for fractional variational
problems [17]. In the following we like to present briefly his approach.
Consider the action function
S
[
q10 , . . . , q
R
0
]=
b∫
a
L
({
qrn,Q
r
n′
}
, t
)
dt, (14)
subject to the independent constraints
Φm
(
t, q10 , . . . , q
R
0 , q
r
n,Q
r
n′
)= 0, m < R, (15)
where the generalized coordinates are defined as
qrn :=
(
aDαt
)n
xr(t), Q
r
n′ :=
(
tDβb
)n′
xr(t). (16)
Then, the necessary condition for the curves q10 , . . . , q
R
0 with the boundary conditions
qr0(a) = qra0 , qr0(b) = qrb0 , r = 1,2, . . . ,R, to be an extremal of the functional given by
Eq. (14) is that the functions qr0 satisfy the following Euler–Lagrange equations [17]:
∂L¯
∂qr0
+
N∑
n=1
(
tDαb
)n ∂L¯
∂qrn
+
N ′∑
n′=1
(
aDαt
)n′ ∂L¯
∂Qr
n′
= 0, (17)
where L¯ has the form [17]
L¯
({
qrn,Q
r
n′
}
, t, λm(t)
)= L({qrn,Qrn′}, t)+ λm(t)Φm(t, q10 , . . . , qR0 , qrn,Qrn′). (18)
Here the multiple λm(t) ∈ Rm are continuous on [a, b].
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In order to obtain the Hamilton’s equations for the fractional variational problems, we
redefine the left and the right canonical momenta as
prn =
N∑
k=n+1
(
tDαb
)k−n−1 ∂L¯
∂qrk
,
πrn′ =
N ′∑
k=n′+1
(
aDαt
)k−n′−1 ∂L¯
∂Qrk
. (19)
Using (19), the canonical Hamiltonian becomes
H¯ =
R∑
r=1
N−1∑
n=0
prnq
r
n+1 +
R∑
r=1
N ′−1∑
n′=0
πrn′Q
r
n′+1 − L¯. (20)
Then, the modified canonical equations of motion are obtained as
{
qrn, H¯
}= tDαbprn, {Qrn′ , H¯}= aDαt πrn′ , (21){
qr0, H¯
}= tDαbpr0 + aDαt πr0 , (22)
where n = 1, . . . ,N , n′ = 1, . . . ,N ′.
The other set of equations of motion are given by
{
prn, H¯
}= qrn+1 = aDαt qrn, {πrn′ , H¯}= Qrn+1 = tDαbQrn′ , (23)
∂H¯
∂t
= −∂L¯
∂t
. (24)
Here, n = 0, . . . ,N , n′ = 1, . . . ,N ′ and the commutator {· , ·} is the Poisson’s bracket de-
fined as
{A,B}qrn,prn,Qrn′ ,πrn′ =
∂A
∂qrn
∂B
∂prn
− ∂B
∂qrn
∂A
∂prn
+ ∂A
∂Qr
n′
∂B
∂πr
n′
− ∂B
∂Qr
n′
∂A
∂πr
n′
, (25)
where n = 0, . . . ,N , n′ = 1, . . . ,N ′.
4. Equivalence of fractional Hamiltonian and Lagrangian formulations for systems
with linear velocities
Recently, for 0 < α  1, the Lagrangians with linear velocities were investigated in
[21]. For example, the Euler–Lagrange equations of the following Lagrangian:
L′ = aj (qi)aDαt qj − V (qi), (26)
were obtained as [21]
∂aj (q
i) α j α i ∂V (q
i)∂qk
aDt q + tDb ak(q ) − ∂qk = 0. (27)
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Let us define
xnj =
(
aDαt
)n
qj , n = 0,1, . . . ,N − 1, j = 1,2, . . . ,R. (28)
The generalized momenta are given by
p0j =
∂L
∂x0j
= aj
(
x0i
)
, p1j =
∂L
∂x1j
= 0. (29)
The canonical Hamiltonian reads as
H = (p0j − aj (x0i ))x1j + V (x0i ). (30)
The Hamiltonian equations of motion are calculated as
∂H
∂x1j
= p0j − aj
(
x0i
)= (tDαb )p1j = 0. (31)
In fact, this equation is the primary constraint in the Dirac’s formalism. The other equations
of motion are calculated as
∂H
∂x0k
= −∂aj (x
0
i )
∂x0k
x1j +
∂V (x0i )
∂qk
= (tDαb )p0k , (32)
∂H
∂p0k
= x1k =
(
aDαt
)
qk. (33)
Making use of Eq. (31) we obtain
∂aj (q
i)
∂qk
aDαt q
j + tDαbak(qi) −
∂V (qi)
∂qk
= 0. (34)
It is obvious the equivalence between Eqs. (34) and (27). An interesting point to be
specified here is that, primary constraints in the Dirac’s formalism are present as equations
of motion in our treatment, while the other Hamiltonian equations of motion are equivalent
to the Lagrangian equations of motion as given in [21].
5. Conclusion
One of the main problems encountered in applying the fractional calculus to a given
singular Lagrangian and Hamiltonian is the existence of multiple choices of the possible
fractional generalizations. In addition, the solutions of the fractional Euler–Lagrange equa-
tions contain more information than the classical ones. In this paper, Hamiltonian equations
have been obtained for systems with linear velocities, in the same manner as those obtained
by using the formulation of Euler–Lagrange equations for variational problems introduced
by one of us [21]. We study the general model for systems with linear velocities and it was
observed that the Hamiltonian and Lagrangian equations which are obtained by the two
methods are in exact agreement.
S.I. Muslih, D. Baleanu / J. Math. Anal. Appl. 304 (2005) 599–606 605Acknowledgments
S.M. thanks the Abdus Salam International Center for Theoretical Physics, Trieste, Italy, for support and
hospitality during the preparation of this work. This work was done within the framework of the Associateship
Scheme of the Abdus Salam ICTP. D.B. thanks O. Agrawal and J.A. Tenreiro Machado for interesting discussions.
This work is partially supported by the Scientific and Technical Research Council of Turkey.
References
[1] K.S. Miller, B. Ross, An Introduction to the Fractional Integrals and Derivatives—Theory and Applications,
Gordon and Breach, Longhorne, PA, 1993.
[2] S.G. Samko, A.A. Kilbas, O.I. Marichev, Fractional Integrals and Derivatives—Theory and Applications,
Gordon and Breach, Longhorne, PA, 1993.
[3] K.B. Olham, J. Spanier, The Fractional Calculus, Academic Press, New York, 1974.
[4] R. Gorenflo, F. Mainardi, Fractional Calculus: Integral and Differential Equations of Fractional Orders,
Fractals and Fractional Calculus in Continuum Mechanics, Springer, Wien, 1997.
[5] I. Podlubny, Fractional Differential Equations, Academic Press, New York, 1999.
[6] R. Hilfer, Applications of Fraction Calculus in Physics, World Scientific, Singapore, 2000.
[7] J.A. Tenreiro Machado, A probabilistic interpretation of the fractional order differentiation, Fract. Calc.
Appl. Anal. 8 (2003) 73–80;
J.A. Tenreiro Machado, Discrete-time fractional-order controllers, Fract. Calc. Appl. Anal. 4 (2001) 47–68.
[8] O.P. Agrawal, Analytical solution for stochastic response of a fractionally damped beam, Trans. ASME J.
Vibration Acoust. (2004), in press.
[9] M. Klimek, Fractional sequential mechanics-models with symmetric fractional derivatives, Czech. J.
Phys. 51 (2001) 1348–1354;
M. Klimek, Lagrangian and Hamiltonian fractional sequential mechanics, Czech. J. Phys. 52 (2002) 1247–
1253.
[10] T.F. Nonnenmacher, Fractional integral and differential equations for a class of Levy-type probability den-
sities, J. Phys. A 23 (1990) L697S–L700S.
[11] R. Metzler, K. Joseph, Boundary value problems for fractional diffusion equations, Phys. A 278 (2000)
107–125.
[12] G.M. Zaslavsky, Chaos, fractional kinetics, and anomalous transport, Phys. Rep. 371 (2002) 461–580.
[13] F. Riewe, Nonconservative Lagrangian and Hamiltonian mechanics, Phys. Rev. E 53 (1996) 1890–1899.
[14] F. Riewe, Mechanics with fractional derivatives, Phys. Rev. E 55 (1997) 3581–3592.
[15] E. Rabei, T. Alhalholy, A. Rousan, Potential of arbitrary forces with fractional derivatives, Internat. J. The-
oret. Phys. A (special communications), in press.
[16] E. Rabei, T. Alhalholy, A. Tanni, On Hamiltonian formulation of nonconservative systems, Turkish J.
Phys. 28 (2004) 1–9.
[17] O.P. Agrawal, Formulation of Euler–Lagrange equations for fractional variational problems, J. Math. Anal.
Appl. 272 (2002) 368–379.
[18] O.P. Agrawal, Lagrangian and Lagrange equation of motion for fractionally damped systems, J. Appl.
Mech. 68 (2001) 339–341.
[19] O.P. Agrawal, J. Gregory, K.P. Spector, A bliss-type multiplier rule for constrained variational problems
with time delay, J. Math. Anal. Appl. 210 (1997) 702–711.
[20] P.A.M. Dirac, Lectures on Quantum Mechanics, Yeshiva University, New York, 1964;
K. Sundermeyer, Constrained Dynamics, Lectures Notes in Physics, vol. 169, Springer, New York, 1982;
M. Henneaux, C. Teitelboim, Quantization of Gauge Systems, Princeton Univ. Press, 1992;
A. Hanson, T. Regge, C. Teitelboim, Constrained Hamiltonian Systems, Academia Nazionale dei Lincei,
Rome, 1976.
606 S.I. Muslih, D. Baleanu / J. Math. Anal. Appl. 304 (2005) 599–606[21] D. Baleanu, T. Avkar, Lagrangians with linear velocities within Riemann–Liouville fractional derivatives,
Nuovo Cimento 119 (2004) 73–79.
[22] D. Baleanu, Constrained systems and Riemann–Liouville fractional derivative, in: Proceedings of 1st IFAC
Workshop on Fractional Differentiation and Its Applications, Bordeaux, France, July 19–21, 2004, pp. 597–
602.
